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S tanford  Univers i ty  
S t anf ord , Cal i f  o r n i  a 

ABSTRACT 

Following experimental  observa t ions  of ionospheric  "r inging" 

obtained by t h e  Alouet te  I tops ide  sounder, i t  has been e s t ab l i shed  

t h e o r e t i c a l l y  t h a t  a magnetoplasma is capable  of r ing ing  a t  harmonics 

of t he  e l e c t r o n  gyrofrequency, and a t  t h e  upper hybrid frequency. This  

resonance phenomenon a r i s e s  t h e o r e t i c a l l y  from s i n g u l a r i t i e s  of t h e  

plasma Green 's  func t ion  due t o  t h e  pinching of t h e  r e a l  wave-number ax i s  

by zeros  of t h e  d i s p e r s i o n  r e l a t i o n  desc r ib ing  t h e  normal plasma modes, 

Typ ica l ly ,  t h e r e  are t h r e e  values  of t h e  wave-number, 

i n g  occurs:  F i r s t ,  a t  kL = 0 , second a t  k = -I w , and t h i r d  a t  

s p e c i a l  values  where 0 < k < a0 . The las t  type of r ing ing  does not 

appear to have been observed e i t h e r  i n  t h e  ionosphere or i n  t he  labora-  

t o r y .  I n  t h i s  paper, a numerical  s tudy i s  made of t h e  t h r e e  cases  t o  

determine t h e  r e l a t i v e  s t r e n g t h s  of t h e  corresponding ionospheric  reson- 

ances, and hence to  determine which resonances a r e  to  be expected i n  

sounder experiments.  

kL , where pinch- 

I 

I 
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1. INTRODUCTION 

I n  recent years ,  i t  has  been e s t ab l i shed  tha t  s t r o n g  resonances can 

be exc i ted  i n  a magnetoplasma. Such resonances have been s t imula ted  i n  

the ionosphere,  w i t h  t h e  a id  of r o c k e t s l t 2  and sa te l l i t es ,  and i n  lab- 

o ra to ry  plasmas .4 What i s  gene ra l ly  observed i s  an o s c i l l a t o r y  s i g n a l ,  

3 

which w e  sha l l  t e r m  ‘ r i n g i n g ’ ,  which persists f o r  many per iods  a f t e r  sub- 

j e c t i n g  t h e  plasma t o  a pulse .  Ringing can occur  a t  t he  e l e c t r o n  plasma 

frequency, cu t h e  upper hybrid frequency, (.I+ [E (cup + wC) 1/2] and 
P ’  c 

harmonics of t h e  e l e c t r o n  gyrofrequency, 

summarized t h e  r e s u l t s  of ionospher ic  experiments.  Crawford, Harp, and 

Mantei4 have given r e s u l t s  of labora tory  experiments on the  s t imu la t ion  

of plasma resonances.  

wC . Calver t  and Goe3 have 

6-11 Severa l  theories have been presented t o  expla in  these resonance 

e f f e c t s .  Agreement wi th  experimental  observa t ions  i s  good i n  t h a t  reson- 

ances can be predic ted  a t  u) 

o t h e r  resonances pred ic ted  t h a t  have not  Peen observed experimental ly  i n  

e i ther  t h e  ionosphere or t h e  labora tory .  One such class c o n s i s t s  of 

resonances which can only be exc i t ed  a t  an angle  obl ique  t o  t h e  magnetic 

field.’’ Another example occurs  f o r  a series of s p e c i a l  f requencies  and 

wave-numbers when t h e  e x c i t a t i o n  i s  perpendicular  t o  t h e  magnetic f i e l d .  

cu and wC . There a r e ,  however, 
p ’  €I’ 

11 

The purpose of t h i s  paper i s  t o  make a t h e o r e t i c a l  s tudy of magneto- 

plasma resonance phenomena occurr ing  perpendicular  t o  t h e  magnetic f i e l d  

i n  order t o  determine the r e l a t i v e  s t r e n g t h s  of t h e  resonances, and hence 

t o  determine which are t o  be expected experimental ly .  A one-dimensional, 

quas i s t a t i c  theory  w i l l  be  presented i n  which w e  follow previous 

au thors ,  and c h a r a c t e r i z e  t h e  plasma by a Green’s func t ion ,  G ( ~ , x )  , 

The s p a t i a l  and temporal forms of the  resonances are then  determined by 

the s i n g u l a r i t i e s  of  G(u,x) on t h e  real  cu axis. A numerical study 

9-11 

has been made of the  r e l a t i v e  s t r e n g t h s  o f  the  electric f i e l d s  a t  t he  

var ious  resonances f o r  t h e  case of e x c i t a t i o n  by a p lanar  d i p o l e  charge 

sheet, and of t h e  c u r r e n t  and vo l t age  response for e x c i t a t i o n  by a p a i r  

o f  permeable p l ana r  g r i d s ,  

- 2 -  



2 .  BASIC EQUATIONS 

In  t h i s  s e c t i o n ,  we present  t he  equat ions  descr ib ing  the  plasma 

behavior ,  The plasma i s  assumed uniform and i n f i n i t e ,  w i t h  an i s o t r o p i c  

Maxwellian e l e c t r o n  v e l o c i t y  d i s t r i b u t i o n ,  

where v t I 
v are t h e  components of t h e  e l e c t r o n  v e l o c i t y ,  2 , perpendicular  and 

p a r a l l e l  t o  the e x t e r n a l  magnetic f i e l d ,  B Ion motion w i l l  be  neg- 

l e c t e d .  The b a s i c  equat ions a r e  Poisson ' s  equat ion,  

[s ( t . ~ T ~ / m ) ~ / ~ ]  i s  t h e  e l e c t r o n  thermal speed, and v and 

II  
-0 * 

for t h e  f l u c t u a t i n g  e l e c t r i c  f i e l d ,  E and t h e  l i n e a r i z e d  Vlasov equa- 

t i o n  f o r  the lowest order  t e r m  i n  the  pe r tu rba t ion  expansion of t he  e lec-  

t r o n  v e l o c i t y  d i s t r i b u t i o n ,  

-1 ' 

i s  t h e  e x t e r n a l  charge dens i ty  r ep resen t ing  the  source of t he  
P S  

Here, 

pe r tu rba t ions ;  -e is t h e  e l e c t r o n i c  charge;  m i s  t h e  e l e c t r o n i c  mass, 

and n ( = n = n ) i s  the  average charged p a r t i c l e  dens i ty .  We make 

the  q u a s i s t a t i c  approximation, r a t h e r  than us ing  t h e  complete set of 

Maxwell's equa t ions ,  and j u s t i f y  t h i s  by in fe rence  from t h e  l abora to ry  

r e s u l t s  which show resonances f o r  cond i t ions  where the f r e e  space wave- 

l eng th  exceeds t h e  plasma dimensions. 

0 e0 i o  

4 

W e  s h a l l  assume tha t  t h e  resonances are s t imula ted  by  a p lanar  d ipo le  

antenna c o n s i s t i n g  of t w o  uniform, p a r a l l e l ,  sheet charges,  equal t o  mag- 

n i tude  but  oppos i t e  i n  s ign ,  and o r i en ted  along B For t h i s  source ,  

w e  have 
-0 * 
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where f ( t )  l i m  aq ( t)  as -0 )  is  t h e  s t r e n g t h  of t h e  d ipo le ;  

q s ( t )  i s  t h e  s u r f a c e  charge d e n s i t y  on one shee t ;  a i s  t h e  d i s t ance  

between t h e  s h e e t s ,  6 i s  t h e  D i r a c  de l ta - func t ion ,  and x is  t h e  

s p a t i a l  v a r i a b l e  perpendicular  t o  B and hence t o  t h e  s h e e t s .  The 

planar  symmetry impl ies  t h a t  the gradien t  ope ra to r ,  V , can be replaced 

i n  Eqs. (2) and (3)  by (>/ax) 2 , where x i s  a u n i t  vec tor  a long t h e  

x-axis .  

S S 

-0 ’ 

A 

To so lve  Eqs. (2)  and ( 3 ) ,  w e  in t roduce  a Four ie r  t ransform i n  

space,  and a Laplace t ransform i n  t i m e ,  

co co 
E(kL,a)  = ,r d t  dx exp i ( k  x - u t )  E ( x , t )  , 

I 
-co 0 

and t h e  inve r se  t ransformat ions ,  

C -co 

where C i s  t h e  Laplace contour i n  t h e  lower ha l f  complex plane.  

S u b s t i t u t i n g  Eq. (4) i n  Eq. ( 2 ) ,  and then t ransforming Eqs. ( 2 )  and ( 3 )  

with  r e spec t  t o  x and t , y i e l d s  a f t e r  us ing  Eq. (1) f o r  t h e  elec- 

t r o n  v e l o c i t y  d i s t r i b u t i o n ,  

where fs (u)  i s  t h e  Laplace t ransform of  f s ( t )  and t h e  r e l a t i v e  plasma 

p e r m i t t i v i t y  perpendicular  t o  t h e  magnetic f i e l d  i s  13 

- 4 -  



v /U )2 . Equation (7) i s  now inver ted  
‘kJ. t c and h has been w r i t t e n  f o r  

w i th  t h e  a i d  of Eq. (6) to y i e ld ,  

The Laplace contour  C l ies  below a l l  s i n g u l a r i t i e s  of t h e  in tegrand .  

T h e  ex i s t ence  of plasma resonance phenomena can be inves t iga t ed  by 

examining t h e  l i m i t i n g  form of  Eq. (9) as t + co . This  l i m i t  i s  obtain-  

a b l e  by f i r s t  deforming t h e  contour  C i n t o  t h e  upper h a l f  complex (I) 

plane  around the  s i n g u l a r i t i e s  of the  ke rne l ,  G(u,x) , and the  source 

func t ion  fs(w) , 
contour ,  The a n a l y t i c  p r o p e r t i e s  of f (a) depend on t h e  s p e c i f i c  

source  used t o  s t imu la t e  the  resonances.  For pulse  e x c i t a t i o n ,  which 

w e  sha l l  assume here ,  and which has been common experimental ly ,  t h e  source 

w i l l  be an e n t i r e  func t ion  of  LU , i .e . ,  f r e e  of any s i n g u l a r i t i e s .  N o  

such s ta tement  can be made concerning t h e  a n a l y t i c i t y  of G ( o , x )  . T h i s  

func t ion  i s  a member of a c l a s s  of i n t e g r a l s  t h a t  have t h e  form 

and then c a r r y i n g  out  t he  i n t e g r a t i o n  along the new 

S 

where r i s  some contour i n  t h e  complex t plane.  I t  has  been 

14’15’16 t h a t  I ( z )  i s  s i n g u l a r  a t  a poin t  z = z i f  two or shown 
0 
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more po le s  of t h e  in tegrand ,  i . e . ,  zeros  of q ( z , t )  , pinch !? as z 

approaches z (see Fig.  1 ) .  A t  t h e  poin t  of pinching i n  t he  complex t 

plane,  t h e  d e r i v a t i v e  [a q ( z , t ) / a t ]  is  zero.  

s i n g u l a r i t i e s  of G(w,x)  on t h e  real cu a x i s  is  respons ib le  for reson- 

an t  e f f e c t s .  I n  what fol lows t h e  a n a l y t i c  p r o p e r t i e s  of G ( L o , x )  w i l l  

be determined i n  o r d e r  t o  o b t a i n  t h e  time-asymptotic behavior of t he  

e l e c t r i c  f i e l d .  This  w i l l  a l s o  enable  us  t o  p r e d i c t  t h e  f requencies ,  

and t h e  r e l a t i v e  s t r e n g t h s  of t h e  resonances.  

0 
The presence of pinching 

- 6 -  



3. SINGULARITIES OF G(w,x) 

The f requencies  a t  which zeros  of K(u,k ) pinch the contour of 

i n t e g r a t i o n  of  Eq. ( l o ) ,  i . e . ,  t he  real k a x i s ,  can be obtained by 

so lv ing  the  d i s p e r s i o n  r e l a t i o n  represented by Eq. (8) w i t h  

f o r  w a s  a func t ion  of real kL . The s o l u t i o n s  are shown i n  Fig.  2 .  

I t  should be noted that ,  f o r  a given 

Bernstein13 has shown tha t  i f  t h e  imaginary p a r t  of 

zero ,  and kL 

This  implies  t ha t  G(Lu,x) has no pinching s i n g u l a r i t i e s  i n  the  lower ha l f  

complex w plane .  I t  w i l l  be seen from Fig.  2 t ha t  k may a l s o  be r e a l  

f o r  some ranges of real w . I n  t h i s  s i t u a t i o n ,  poles  of t h e  integrand of 

Eq. (10) a r e  loca ted  on t h e  real kL a x i s ,  and the i n t e g r a t i o n  is no 

longer  def ined .  Figure 3 shows how the  d e f i n i t i o n  of G(m,x) , i s  

r e a d i l y  extended by deforming t h e  contour of i n t e g r a t i o n  ahead of an 

advancing p o l e  as the  imaginary p a r t  of cu approaches zero from nega- 

t i v e  values .  However, u se fu l  deformation is  impossible i f  m approaches 

a frequency where dw(ki)/dkl vanishes ,  s i n c e  t h e  contour of i n t e g r a t i o n  

is  pinched a t  such a po in t .  From Fig.  2 ,  w e  note  t h a t  &(k )/dk = 0 

a t  t h e  fol lowing poin ts :  

A 

I 
K(w,kl) = 0 

w is  always r e a l .  I n  f a c t ,  
kI ’ 

w is  less than 

i s  r e a l ,  then  the d i s p e r s i o n  r e l a t i o n  cannot be s a t i s f i e d ,  

I 

.L I 

(i) k = 0 when w = mC , n = +2 , f 3  , ... , and when 
-A- 
m = % .  

(ii) k f i n i t e  and nonzero when lnlmc < LU < (In1 + 1>uC and 
-l. 
n = 2 , 3 , .... This  case is not present  i n  every frequency 

band. If lnlmc < ( w + LU 2)1/2 < (In1 + l )wc  , the d i spe r -  

s i o n  curves shown t h a t  &/dk # 0 for < Inlwc and 
I 

C 

O < k <  w .  
1 

( i i i )  k = +_ co when = wC, where n = f l  , +2 .... 
-L 

W e  s h a l l  examine t h e  t h r e e  cases sepa ra t e ly  t o  determine what types 

of s i n g u l a r i t i e s  a r e  p re sen t .  

- 7 -  



3 .1  Pinching at k = 0 
I- 

The zeros  of K(w,k ) i n  t h e  v i c i n i t y  of t h e  o r i g i n  i n  t h e  complex 
l. 

kl 
k = O .  For ( O M  
l. 

p lane  are obtained by expanding Eq. (8) i n  a power series about 

t h i s  y i e l d s  ’ 

where n 2 2 , t h e  c o r r e c t  form f o r  K(w,kl )  i s  obtained I f  w w -  

by r e p l a c i n g  w i n  Eq. (12) by - w . Hence, any resonance found on t h e  

p o s i t i v e  real  LO axis has a s soc ia t ed  wi th  i t  a mirror  image on t h e  nega- 

t i v e  axis .  For t h i s  reason, i t  i s  s u f f i c i e n t  t o  restrict ou r  work t o  

p o s i t i v e  harmonics of w . 

nwc ’ 

C 

The zeros  of Eq. (12) are located a t  

1 

ncoC 
where j = 1 , ... , 2(n-1) . Since u)% 

plane,  i t  is  convenient t o  r e p l a c e  LO i n  Eq. 

where 6 i s  a small expansion parameter,and 

t o  lowest s i g n i f i c a n t  o rde r  i n  6 , 
1 

2 (n-1) 

1 

n - 1  
- u) 

V 

C - -  - 2 
t 

k 
sj 

Equation (14) imp l i e s  t h a t  t h e r e  are 2(n-1) 

exp ( i - d-: .) ’ (13 1 

, and i n  t h e  lower h a l f  

(13) by [wc + 6 exp i e ]  , 
-R C 9 < 0 . This  y i e l d s  

poles  of  t h e  integrand of 

Eq. (10) surrounding t h e  o r i g i n  i n  the complex k plane,  with (n-1) 

of them above t h e  real  a x i s  and (n-1) below. 
I 

As 6 -  0 , and w -  nwc , t h e  poles  converge toward t h e  o r i g i n  

t o  form a 2(n- l ) th  r o o t  of  t h e  d i s p e r s i o n  r e l a t i o n  t h a t  pinches t h e  

- 8 -  



real  a x i s ,  and hence the  contour  of i n t e g r a t i o n ,  a t  k = 0 , 
1 

I t  i s  now simple t o  f i n d  t h e  form of G(u,x)  near wc . Because 

of the poles  surrounding t h e  o r i g i n ,  the most s i g n i f i c a n t  con t r ibu t ion  

t o  Eq. (10) w i l l  come from va lues  of kI near  zero.  Therefore ,  an 

approximation t o  the  i n t e g r a l  can be obtained by s u b s t i t u t i n g  f o r  t h e  

in tegrand  i t s  small argument expansion. Carrying t h i s  o u t ,  and approx- 

imat ing exp(-ik x) by u n i t y  g ives ,  
I 

I t  w i l l  be noted t h a t  

component perpendicular  t o  t h e  magnetic f i e l d .  

K C ( u )  is  t h e  cold plasma r e l a t i v e  p e r m i t t i v i t y  

The i n t e g r a t i o n  i n  Eq. (15) i s  accomplished by use  of Cauchy's re-  

s i d u e  theorem, which permits  us t o  w r i t e  

where t h e  summation extends over  t he  r e s idues  of t h e  poles  located i n  

t h e  upper ha l f  complex plane a t  k+ . Equation (13) g ives  the  posi-  

t i o n s  of a l l  po le s  near the  o r i g i n .  Those above t h e  real a x i s  a r e  

l i s t e d  i n  Table  1. It is  r e a d i l y  e s t ab l i shed  from E q .  (15) t h a t  t h e  

i j  

r e s i d u e  a t  k i s  [1/2(n-1)k2n-3] . S u b s t i t u t i n g  t h i s  i n  E q .  (16) , 
Ij J-J 

and making use  o f  Table 1, l e a d s  to, 

- 9 -  



Table  1. POLES I N  UPPER HALF kl PLANE FOR cuw mc 

u) = ncuc H 

1 

j = 2 ,  ..., n 

j = 2 ,  ..., n 

, 

j = 1, ..., n-1 

1 
2 (n-1) 

X 
a 

0 i e  G(iu,x) = 

I 
1 
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2n-3 2n-3 
2n-2 2n-2 

- - 2n-3 - 
- 

B, = n 2 - 1 u  
C 

17 The f i n i t e  sums can be closed by use of t h e  i d e n t i t y  

s i n  - ncP 

s i n  9 
exp (i 

exp (ikcp) = 2 

cp) , 
k= 1 2 

t o  ob ta in ,  f i n a l l y ,  t he  express ions ,  

‘II 2(n-1) s i n  
2 (n-1) I 

1 
2 (n-1) 

ic0  
i exp [ i 2(:-1J 

p2 z(n-1) s i n  ‘II 2 (n-1) 

a G(cu,x) = 

1 
-i 2 (n-1) 

‘II (cu - nuc) 9 cuH’ncoc 
2 (n-1) [k 2(n-1) s i n  

nwC 
C l e a r l y ,  t h e r e  are s i n g u l a r i t i e s  a t  (n = 2 , 3 ,  ... >.  When % # wC , 
t h e  s i n g u l a r i t i e s  a r e  branch po in t s .  They are replaced by branch poles  

when i s  i d e n t i c a l  t o  nuc . An except ion t o  t h e  r u l e  occurs when 

n = 2 . In t h i s  case, G b , x )  is  r egu la r ,  and no resonance i s  predic ted .  

wH ‘ I n  a d d i t i o n  t o  t h e  s i n g u l a r i t i e s  found so f a r ,  t h e r e  i s  one a t  

The form of G(cu,x) near t h i s  po in t  is  determined by t h e  power series 

expansion of K(w,kl) . 
s i g n i f i c a n t  o rde r  i n  

For C U M  % # nwc , t h i s  has t h e  form, t o  lowest 

kl ’ 
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The ze ros  of K(w,k ) can be obtained by s u b s t i t u t i n g  for U) t h e  expres- 

SiOn -K < 9 < 0 . I 
(% + 6 exp i 0 )  , where This  y i e lds  

These r o o t s  pinch t h e  rea l  axis as 6 - 0 . Taking t h e  r e s idues  gives  

for ~ k :  cu H ’  

H a  A branch pole  is c l e a r l y  evident  a t  LU 
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3.2 Pinching a t  0 < kI < , 

Figure 2 shows branches of t h e  form i l l u s t r a t e d  i n  Fig.  4, f o r  which 

t h e r e  a r e  t w o  p o i n t s ,  (u, , ko) and (wo , -ko) , where (dcu/dkl) 

vanishes .  I f  aK(w,k)/& # 0 a t  these p o i n t s ,  i t  is  implied t h a t  

aK(w,k I ) / ak  = 0 . 
a l l  w and 

T h i s  cond i t ion  i s  s a t i s f i e d  f o r  the Maxwellian, for I 
s i n c e  Eq. (8) g ives ,  

kL ’ 

I f ,  a s  i nd ica t ed  i n  F ig .  4, t he  d i s p e r s i o n  r e l a t i o n  has  only a 

double roo t  a t  ko f o r  CD = U) i t  i s  r e a d i l y  e s t ab l i shed  t h a t  

a K(wo , ko)/akL = a K ( u o  , -ko)/akl > 0 . 
expansion of K(w,kI) about t h e  point  bo, k o )  y i e l d s ,  

2 2 2 O ’  2 Hence, t he  Taylor s e r i e s  

S ince  w i s  i n  the  lower ha l f  p lane  w e  s u b s t i t u t e  [coo -I- 8exp ie ]  - ,  
with  -JI < 0 < 0 , and determine t h e  r o o t s  of Eq. (24) for K(w,kL)  = 0 . 
W e  f i n d  two zeros  on oppos i t e  sides of the real a x i s  a t  

which converge t o  ko 

contour  of i n t e g r a t i o n  of Eq. (10).  S imi l a r ly ,  there e x i s t  t w o  zeros 

of K(w,kl) near  (-ko) which behave i d e n t i c a l l y  t o  those  i n  Eq. (25) 

and a r e  loca ted  a t  

as 6 -* 0 , t o  form a double roo t  t h a t  pinches t h e  

- 13 - 



- - k  + i  
kL - 0 -  

r e s idue  eva lua t ion  of E q .  (10) y i e l d s  
0 ’  

Thus, f o r  C U M  cu 

The p a r t i a l  d e r i v a t i v e s  
0 .  

and r e v e a l s  a branch po le  a t  cu 

pres s ion  are evaluated a t  the  p o i n t  (coo,ko) * 

3 . 3  Pinching a t  k = +_ ~0 . 
I 

I t  is  clear f r o m  Fig. 2 t h a t  
kL -.) 

du,(kI)/dkl --, 0 as 

(27) 

i n  t h i s  ex- 

t m .  

Therefore ,  pinching should be expected i n  th i s  s m a l l  wavelength l i m i t .  

There are, however, e f f e c t s  ignored i n  our theory t h a t  would wash out  

any r e s u l t i n g  s i n g u l a r i t i e s .  

s ions .  When these are taken i n t o  account, i t  i s  found t h a t  t he  s o l u t i o n s  

of t h e  d i s p e r s i o n  r e l a t i o n  i n d i c a t e  kL complex f o r  U) rea l .  The rea l  

p a r t s  o f  the s o l u t i o n s  f o r  k e f f e c t i v e l y  follow t h e  c o l l i s i o n l e s s  sol- 

u t ions ,  whi le  t h e  imaginary p a r t s  tend towards i n f i n i t y  as the  real p a r t  

of k, approaches i n f i n i t y ,  Th i s  implies  t h a t  any s i n g u l a r i t y  i n  

G(m,x) , due t o  pinching of the contour of i n t e g r a t i o n  a t  k = i n  

a c o l l i s i o n l e s s  plasma, w i l l  move f a r  i n t o  t h e  upper h a l f  complex LU 

p lane  when c o l l i s i o n s  are introduced.  Any resonance t h a t  may be exc i t ed  

w i l l  be very heav i ly  damped, and unobservable experimentally.  In  any 

case, s h o r t  wavelength e f f e c t s  p red ic t ed  by t h e  theory are non-physical, 

They should be rejected whenever t h e  wavelength i s  smaller t h a t  a Debye 

One such e f f e c t  i s  e l e c t r o n / n e u t r a l  c o l l i -  
18 

I 

I 

l eng th .  With t h e s e  cons ide ra t ions  i n  mind, the p red ic t ed  resonances due 

t o  pinching a t  kL = k C0 w i l l  no t  be considered f u r t h e r .  
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4. ASYMPTOTIC BEHAVIOR OF THE ELECTRIC FIELD 

The asymptotic form of t h e  e l e c t r i c  f i e l d  can now be obtained from 

Eq. (9)  by deforming t h e  Laplace contour i n  t h e  usua l  manner around t h e  

s i n g u l a r i t i e s  of G(m,x) loca ted  i n  Sec t ion  3. A s  t "  03 , Eq. (9)  

reduces t o  

k ' k  

where t h e  summation i s  over  t h e  branch po in t s  of G(0,x) , and t h e  

contour  r extends around t h e  kth branch c u t ,  as shown i n  Fig.  5 .  

We now examine t h e  kth 
k 

t e r m  i n  Eq. (28) a t  each branch po in t .  

4 . 1  LD = ncu . 
C- 

S ince  t h e  con t r ibu t ion  t o  the  i n t e g r a l  from t h e  p a r t  of rk i n  t h e  

upper ha l f  complex plane vanishes  exponent ia l ly  as  t -+  03 , i t  i s  s u f f i -  

c i e n t  t o  expand t h e  in tegrand  about = ncu- and re ta in  only the  most 
c: 

s i g n i f i c a n t  p a r t s .  Hence, i n  t h i s  l i m i t ,  t h e  kth t e r m  of Eq. (28) 

approaches, f o r  u) < ncu H c '  

1 - 

2 (n-1) 
I k  ' 

a 2(n-1) fs(ncuc) exp [iw C t + i 
f l l  

Ek(X, t )  = Jt 
2(n-1) s i n  2(n-1) Eo@l 

1 

where use  has been made of Eq. (19),and rk i s  shown i n  Fig.  6. The 

i n t e g r a t i o n ,  Ik , along rk can be w r i t t e n  as a sum of t h r e e  t e r m s :  

[IAB + IBCD + IDE] . 
Hence w e  have, 

IBCD .+ O * 
I t  can r e a d i l y  be shown t h a t  as 6 -+ 0 , 
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exp[-ig/4(n-l)]  s in [n /2 (n - l ) ]  r 
9 (30) Ik = IAB + IDE - -  - 

2n-1 
2n-2 
- 

“ t  

17 and IDE are evaluated w i t h  the i d e n t i t y  
‘AB where 

and r ( z )  i s  the gamma func t ion .  After  combining E q s .  ( 2 9 )  and (30) ,  

w e  f i n d  t h a t  t h e  component of t h e  e lec t r ic  f i e l d  a t  u) = w is, as 
C 

t - , C Q ?  

and ”H = ncuc A similar a n a l y s i s  f o r  t he  remaining t w o  cases, 

uH > wc ? y i e l d s  

f o r  t h e  former, and f o r  t h e  l a t te r  
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4.2 = wH(# n~ ) . 
C- 

The component of t h e  electric f i e l d  exc i t ed  a t  t h e  upper hybrid f r e -  

t e r m  i n  E q .  (29).  quency i s  obtained by combining Eq. (22) with t h e  

Th i s  y i e l d s  t h e  expression 

kth 

2 
> hC , where t h e  upper bracketed e n t r y  app l i e s  f o r  co 

f o r  UI < 3cuc . Carrying ou t  t h e  i n t e g r a t i o n  along t h e  branch cu t  shown 

i n  Fig.  6,  and making use of t h e  i d e n t i t y  

and t h e  lower 2 
P 2 2 

P 
r ( 1 / 2 )  = x1I2 , l eads  t o  

4.3 co = w  ( O <  kL < ") . 
These are t h e  s i n g u l a r i t i e s  discussed i n  Sec t ion  3.2.  S u b s t i t u t i n g  

Eq. (27) i n t o  Eq. (28),  and ca r ry ing  out  t h e  branch c u t  i n t e g r a t i o n ,  y i e l d s  

f o r  t h e  electric f i e l d  a t  t h i s  resonance. 

where t h e  p a r t i a l  d e r i v a t i v e s  are evaluated a t  (wo,k0) . 
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4.4 Region of Va l id i ty ,  

2 
1 up - 1 -  

C 
n2 - 1 u  

Equations (32)-(34) ,  (36) and (37) are v a l i d  only f o r  s u f f i c i e n t l y  

l a r g e  va lues  of t i m e .  This  r e s t r i c t i o n  resul ts  from expanding K(co,x), 

and hence l i m i t i n g  ou r  r ep resen ta t ions  of G(u,x)  t o  small reg ions  i n  

t h e  complex o plane  centered on t h e  resonances,  I f  t h e  r ad ius  of one 

of t h e s e  reg ions  i s  tjm , t h e  corresponding branch c u t  i n t e g r a t i o n  i n  

Eq. (28) is  c o r r e c t  on ly  i f  t >> ( l / t jm) 

t h e  p a r t  of t h e  contour r k  o u t s i d e  t h i s  reg ion  w i l l  then be exponen- 

t i a l l y  small .  An e s t ima te  of 

s i n c e  t h e  con t r ibu t ion  from 

f o r  

can be obtained from Eqs. (12) and (14) .  Equation (12) 

assumes t h a t  IkLvt/uCI << 1 . Hence, from Eq.  (14), w e  must have 

nwc l 
f o r  t he  resonance a t  'm 

ncuc f ""H 

2 

2 
P 

n cu 2 n! c - - << (1/6) . 
co 

where An es t ima te  of the  t i m e  f o r  which t h e  asymptotic 

r e s u l t s  are v a l i d  i s  then t >> t where t i s  equated t o  the  LHS 

of Eq. (38) .  A similar ana lys i s  f o r  t h e  o t h e r  resonances y i e l d s  t he  

r e s u l t s  : 

6 = Io - wCI. 

c '  C 

t =  
C 

The t h i r d  expression assumes I (kL - ko)/kol << 1 i n  Eq .  (24) .  
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4 . 5  Comparison of  Resonances. 

To determine the r e l a t i v e  s t r e n g t h s  of the resonances, w e  normalize 

Ek with r e s p e c t  t o  E' = (fsLuc/covt) . Equations (32)-(36) then become, 2 

Ek4 p4 
I _ -  * - -  

0 '  - 71/2 ' L u = L u  E l  - -  E l  
J " = % f W c  1 

Ek3 p3 

where a l l  phase f a c t o r s  have been neglected,  and w e  have introduced, 

1 - ( 2 n - 3 ) L u ~ ~  - zn-2 r(2n-1) 

- 2 

2 2 
n -1 coC 

2n-2 
2 2g(n-1) 
- 1 7 = uct , p1 = (n- l ) !  1 - - - 

1 

u) P 

w e  have assumed x small so tha t  cos k x e 1 , and 4 '  0 
To o b t a i n  p 

have introduced h2 = (u/wC) and = (kLvt/uc) . N u m e r i c a l  values  of p 

are given i n  Table  2 .  For p 

which t h e  resonance l ies,  and has been w r i t t e n  i n  t h i s  form t o  d i s t i n g -  

u i s h  t h e  s p e c i f i c  value of under cons ide ra t ion .  

i n d i c a t e s  t h e  passband w i t h i n  
4 ' 3-i,n+l 

0 
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TABLE 2: NUMERICAL VALUES OF p , 

I t  w i l l  be seen  from Eq. (40) t h a t  t h e  decay ra te  a t  ncuc (n > 1 )  
i s  c r i t i c a l l y  dependent on w I f  % # wc , i t  decreases  from 

( l / t 3 l 2 )  a t  n = 2 t o  ( l / t )  as n +  

decay rates are always slower than  

n = 3 t o  a l i m i t  of a t ime-invariant  amplitude as n -, w . When n = 2 , 
Eq. (33)  i n d i c a t e s  t h a t  E ( x , t )  = 0 . There i s  no resonance for t h i s  

i s o l a t e d  case. 

H *  
. I f  % = wC , however, t h e  

( l / t )  , and vary from ( l / t  1/2) a t  

Next w e  compare t h e  c o e f f i c i e n t s .  

(ap/uc) 2 1 . 
Table 2 i n d i c a t e s  p3,p4 > P1,p2 

2 2  f o r  Consequently, a t  t i m e s  when E q .  (40) holds ,  t h e  

(n > 1). The d i f -  
wC 

are stronger than a t  
2 2  
P C  

0 resonances a t  "11 and U) 

fe rences  may be s i g n i f i c a n t .  For example, f o r  (u, /u) ) = 5 , t h e  s t rong-  

est resonance a t  wc is p1 = 0.201 f o r  n = 3 . A t  in te rmedia te  f r e -  

= 0.34 predominates. Thus for 7 = 1000, corres-  
-3 p4 quencies ,  U) wi th  

ponding t o  100 per iods  a t  t h e  gyrofrequency, 

This  sugges ts  t h a t  resonance phenomena might be more e a s i l y  de tec ted  a t  

34 
(Ekl/Ek4) = 2.7 x 10 . 
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The oppos i te  i s  found experimental ly .  495 
wc * 

and % t han  a t  
wO 
The explana t ion  i s  to  be found i n  t h e  q u a n t i t y  observed, which is not 

normally E ( x , t )  but r a t h e r  t h e  cu r ren t ,  I ( t )  , or voltage, V( t )  , 
de tec t ed  by probes.  A s  shown by N u t t a l l ,  lo V(t )  and I ( t )  may behave 

d i f f e r e n t l y  i n  t i m e .  I n  t h e  fol lowing sec t ion ,we s h a l l  i n v e s t i g a t e  these  

q u a n t i t i e s .  To do so, w e  r ep lace  t h e  d i p o l e  source used so f a r  by two 

permeableplanar  g r i d s ,  d i s t a n c e  a a p a r t ,  o r i en ted  p a r a l l e l  t o  t h e  magnetic 

f i e l d ,  and w i l l  compute t h e  impedance, Z(W) , between them. 
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5. ASYMPTOTIC BEHAVIOR OF VOLTAGE AND CURRENT RESPONSE 

5 .1  Impedance, Z(,) . 
The c o n t i n u i t y  equat ion,  and t h e  cu r ren t  d e n s i t y  equat ion,  

must be solved toge the r  wi th  t h e  boundary condi t ions ,  

where V(t)  i s  t h e  vol tage  ac ross  t h e  grids, and I ( t )  i s  t h e  r e s u l t i n g  

cu r ren t  d e n s i t y  from t h e  e x t e r n a l  c i r c u i t .  This  y i e lds  

where w e  have used Fourier and Laplace t ransforms i n  space and t i m e ,  

r e spec t ive ly ,  and K(w,k ) is  def ined by Eq. (8).  Inve r t ing  Eq. (44) 

g ives ,  
i 

-CO 

I f  e i t h e r  I (w)  or V(w) are spec i f i ed ,  w e  can then desc r ibe  t h e  

probe response by 
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and t h e  s i n g u l a r i t i e s  of Z(w) determine t h e  asymptotic t ime response. 

5.2 S i n g u l a r i t i e s  of Z(w) . 
Comparison of Eqs. (10) and (45) i n d i c a t e s  t h a t  t h e  s i n g u l a r i t i e s  a r e  

r e a d i l y  ob ta inab le  from t h e  r e su l t s  of Sec t ion  3. The f i n a l  expressions f o r  

Z(m) near the  s i n g u l a r  p o i n t s  are as fol lows:  For 

RHS of Eq. (19) by ( a  /iw) . For O M  

mult ip ly  the  nLuc ' 
, mult ip ly  t h e  RHS of Eq. 2 

% f nwc n 

(22) by (a"/i.u) , For w m  w w e  r ep lace  cos k x i n  Eq.  (27) by 

(a2/iw) [ s in(kLa/a)  (kia/2)I2 . 
0 '  0 

The asymptotic time response can now be obtained as i n  Sec t ion  4 by 

c a r r y i n g  ou t  t h e  i n t e g r a t i o n s  i n  Eq. (46) along t h e  branch c u t s ,  

5 .3  Voltage Response, V ( t )  . 
These r e s u l t s  have t h e  same temporal behavior as those  of E ( x , t )  

i n  Sec t ion  4, and t h e  conclusions o f  Sec t ion  4 .5  can  a l s o  be appl ied .  

The a c t u a l  expressions f o r  V( t )  a r e  as fol lows:  For w = w rep lace  c '  2 

2 
p l ace  f ( m C )  i n  Eq. (36) by [a l(%)/i"DH]. For w = w r ep lace  

2 
f (w cos kox i n  Eq. (37) by (a I(wo)/iwO) [sin(kla/2)/(kLa/2)] . 

f S ( w c )  i n  Eqs. (32)-(34) by [a I ( w c ) / i u c ] .  For w = o-'H f wc 1 re-  

2 
0' S 

s o  
5.4  Current  Response, I ( t )  . 

The c u r r e n t  behaves i n  a very d i f f e r e n t  manner from t h e  vol tage .  The 

expressions analogous t o  Eqs. (32)-(34), (36),  and (37) can be shown t o  

be1 

2 (n- l )p ,s in  C 4(n-1) I ,  
2n-3 

t2n-2 
- 3c 

wH < ncoc 

31 2n-3 
2 (n-1) n- 1 i u c ~ o V ( n w c )  s in  

2 
2n-3 

n- 1 

1 - 71 

t 

1 I ( t )  = 

2 2(n-1) a a  

(47) 
\ 
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exp ( 9 t  + i 2)  

exp (.yit - i $1 

t3I2 9 

i%€ov('uH) 

2 I ( t )  = 
a 

t 3/2 
' 

5 . 5  Comparison o f  Current Resonances. - 
To determine t h e  re la t i se  s t r eng thso f  t h e  cur ren t  resonances, w e  

normalize I ( t )  w i t h  r e spec t  t o  I/ = (E v cu V/a ) . Equations (47)-(49) 

then become, 

2 
O t c  

where a l l  phase f a c t o r s  have been neglected,  and w e  have introduced 

1 

2 T t  2n-3 
n(n-1) s i n  

3t 

2 
P 1 I - -  - 

2 2 

Lu 

w 
q1 = 2 

n -1 w 
C 

71 (n-1) sin- ' sin- 
2h-1)  n-1 
fi q2 = 2 
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To o b t a i n  q4 i t  has been assumed t h a t  [2s in(k  a /2) /kLa]*  1 . Numer- 

ical  values  of q are g iven  i n  Table 3. 
I 

TABLE 3: NUMERICAL VALUES OF q . 
q1 q2 

Equation (50) i n d i c a t e s  t h a t  I ( t )  behaves i n  an inve r se  manner 

to  V( t )  : For % # muc , I ( t )  a t  mC decays slower than (l/t) , 
t h e  rate vary ing  from (1/t1l2) at  n = 2 to  ( l / t )  as n -  m .  A t  

% and Luo r t h e  decay i s  considerably f a s t e r  than  ( l / t)  . In par- 

t i c u l a r ,  t h e  decay a t  % is as ( l / t 3 / 2 )  f o r  % f muc , and a s  
2n-3 - 

(l/t n-l) i f  % = muc . A t  wo the decay is  as (l/t3l2) . A s  a 
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numerical example, w e  s h a l l  compare t h e  resonance s t r e n g t h s  f o r  

(a /u, ) = 5 

resonance current a t  U, i s  two t o  t h r e e  o r d e r s  of magnitude weaker 

than  a t  wc . The corresponding va lue  of ( 1 3 ( t ) / I ’ )  for t h e  reson- 

0 ,  
ance a t  % i s  5.30 x 10 , which i s  of t h e  same o rde r  as for LD 

2 2  
P C  

and = 1000 . I t  i s  evident from Table 4 t h a t  t h e  

0 

-5 

n =  1 lo3 Il(t)/I’ 

TABLE 4 : COMPARISON OF RESONANCE STRENGTHS 
‘ 2  2 

P C  (U /a ) = 5 , 7 = 1000 

2 3 4 5 6 

65.1 

[lo5 I q ( t ) / I ‘  11 5.66)  8.50 1 11.6 I 14.8 I 
I I I  I I I 1 

W e  should now compare t h e s e  r e s u l t s  with experimental observat ions.  

I n  t h e  l abora to ry ,  Crawford, e t  a l .  , observed t h e  s t ronges t  resonances 

a t  mc , and a weaker resonance a t  

t h e  cu p o i n t s .  S i m i l a r l y ,  t h e  Alouet te  I records5 show resonances a t  
% . No resonances were observed a t  

0 
and u) but UJ resonances are absen t ,  Theonly d i sco rdan t  po in t  

nLuC H I  0 
with our theory i s  t h e  p r e d i c t i o n  t h a t  and i~ resonances should 

have approximately equal s t r e n g t h s .  Indeed, Table 4 shows t h e  s t r e n g t h s  

of t h e  U, resonances inc reas ing  from t o  056 , The explanat ion 

is very l i k e l y  t o  be  found i n  t h e  neglect  of c o l l i s i o n a l  e f f e c t s  o n  t h e  

0 H 

0 23 

resonances. It  is  i l l u s t r a t e d  elsewhere 18119 t h a t  values  of 

(u/ac) 2 have a very profound e f f e c t  on K f o r  passbands with 

n 2 2 ,  and kL # 0 . 
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6.  RESONANCE AT THE GYROFREQUENCY 

So f a r  w e  have excluded t h e  s p e c i a l  case of resonance a t  w . For 

c ’  

C 
w M LU Eq. (8) can be approximated by, 

S u b s t i t u t i n g  Eq. (52) i n  Eq. (45) y i e l d s  

For v s m a l l ,  [2 exp(-h)I l (h) /x]  z 1 and M i n  Eq. (53) reduces 

to un i ty .  Consequently, Z ( u )  has a simple ze ro  a t  ~0 and no re- 

sonance e f f e c t s  w i l l  occur i n  V ( t )  . I t  is evident  from Eq. (46)’ 

however, t h a t  a current resonance should be expected. Evaluat ing t h e  

i n t e g r a l  by r e s idues ,  w e  o b t a i n  t h e  fol lowing time-asymptotic component 

a t  cu 

t 

c ’  

c ’  
2 

€*cup V(wc) 
I ( t )  = exp(icuct) . 2a M (54) 

No temporal decay i s  ind ica t ed .  The e l e c t r o n s  a r e  s e t  i n t o  motion by 

t h e  source  func t ion ,  and cont inue  t o  gy ra t e  a t  cu u n t i l  such f a c t o r s  

as c o l l i s i o n s  and magnetic f i e l d  inhomogeneity cause them t o  dephase. 

Such resonances have been observed i n  space5 and i n  t h e  labora tory .  

C 

4 

- 27 - 



7. DISCUSS ION 

I n  t h i s  paper,  t h e  resonant  behavior of e l e c t r o s t a t i c  magnetoplasma 

o s c i l l a t i o n s  s t imula ted  perpendicular  t o  t h e  magnetic f i e l d  has been 

s tud ied  i n  p lanar  geometry, f o r  two cases. I n  t h e  f i r s t  of these,  t h e  

e lec t r ic  f i e l d  w a s  determined f o r  e x c i t a t i o n  by a d ipo le  charge shee t .  

In  t h e  second, t h e  vol tage  and cu r ren t  f o r  e x c i t a t i o n  wi th  p a r a l l e l  g r i d s  

w a s  examined. I n  both cases, r i n g i n g  a t  w c ( n  2 1) , wH and cu0 w a s  

p red ic t ed ,  The e lectr ic  f i e l d  f o r  C a s e  I and t h e  vol tage  f o r  C a s e  11, 

have similar asymptotic t i m e  dependence and s t r eng th ,  which d i sag rees  

wi th  t h e  experimental  d a t a .  The cu r ren t  f o r  Case I1 does agree with 

experiment, however, i n  which i t  i s  e f f e c t i v e l y  t h e  cu r ren t  drawn by a 

probing antenna which is  measured. The numerical r e s u l t s  would have t o  

be  modified f o r  c y l i n d r i c a l  geometry, but suggest  s t rong ly  t h a t  w re- 

sonances should be  r e l a t i v e l y  weak compared wi th  those  a t  

w resonances are predic ted  t o  be as s t rong  as those  a t  0 3 ~  , but  t h e  

e f f e c t  of even a n  extremely small c o l l i s i o n  frequency should be s u f f i c i -  

en t  t o  wash t h e s e  o u t  i n  p r a c t i c e .  

H 
. The 

ncuC 

0 
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FIG. 1, SKETCH ILLUSTRATING ORIGIN OF SINGULARITIES IN I( z) , 
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FIG. 2. DISPERSION CHARACTERISTICS OF PERPENDICULARLY PROPAGATING 
CYCLOTRON HARMONIC WAVES FOR A MAXWELLIAN ELECTRON VELOCITY 
DISTRIBUTION. 
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FIG. 3. CONTOUR OF INTEGRATION FOR G(u),x) WHEN u) IS REAL. 

w 

FIG. 4. PORTION OF DISPERSION DIAGRAM FOR PERPENDICULAR 
PROPAGATION IN A MAXWELLIAN PLASMA SHOWING POINTS 
WHERE THE SLOPE (dru/dk ) VANISHES FOR 0 < k < c o  

I I 
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FIG. 5 .  CONTOUR OF INTEGRATION AROUND SINGULARITIES OF G(U ,x) 
( F o r  clarity, singularities with 0 < k < m  have been  

L omit t ed . ) 

rk 
C 

FIG. 6, CONTOUR OF INTEGWTION (rk) AROUND A 
BRANCH-POINT OF G(U, x) . 
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